Numerical investigation of ductile tearing in surface cracked pipes using line-springs  by Jayadevan, K.R. et al.
International Journal of Solids and Structures 43 (2006) 2378–2397
www.elsevier.com/locate/ijsolstrNumerical investigation of ductile tearing in surface
cracked pipes using line-springs
K.R. Jayadevan a,1, Espen Berg a, Christian Thaulow a,*,
Erling Østby b, Bjørn Skallerud a
a Norwegian University of Science and Technology, Faculty of Engineering Science and Technology, 7491 Trondheim, Norway
b Sintef Material Technology, 7465 Trondheim, Norway
Received 7 January 2005; received in revised form 19 June 2005
Available online 2 September 2005Abstract
Accurate prediction of crack-driving force equations is important in any pipeline fracture assessment program. In
highly ductile materials, such as pipeline steel, a considerable amount of stable crack growth can be tolerated before
the failure of the structure. The existing methods use simpliﬁed analytical procedures to account for ductile tearing,
and they often result in conservative critical crack sizes. Further, none of the published numerical tools for modelling
crack growth is suitable for engineering applications. This work describes a simple method for simulating through-
thickness ductile tearing in surface cracked pipes, using line-spring ﬁnite elements. The crack growth resistance curve
is used to advance the crack front. The line-spring results are veriﬁed using crack growth simulations employing the
Gurson damage model. Finally, a detailed parametric study is carried out to examine the eﬀect of ductile tearing on
crack driving force relationships in circumferentially surface cracked pipes. The results demonstrate that considering
ductile tearing is important in fracture assessment procedures for pipelines.
 2005 Published by Elsevier Ltd.
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Surface ﬂaws such as welding defects, cracks and damage due to corrosion, etc., are common in girth
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K.R. Jayadevan et al. / International Journal of Solids and Structures 43 (2006) 2378–2397 2379growth can be tolerated before the catastrophic failure of the structure. The present methodologies (for
example BS7910:1999) for fracture assessment of pipelines employ simpliﬁed analytical procedures to in-
clude ductile tearing. This usually leads to stringent critical ﬂaw size limits and excessive installation costs.
A simple tool that can accurately predict crack-driving force relations in surface cracked pipes by simulat-
ing ductile tearing is demanded.
Several crack growth simulation procedures such as the Gurson model (Tvergaard and Needleman,
1984), the cohesive zone model (Besson et al., 2001), cell models (Xia and Shih, 1995), are published in
the literature. However, these models require several model parameters to be identiﬁed, which is one of
the main diﬃculties in applying them to structures. Further, these procedures are computationally expen-
sive, and may cause numerical diﬃculties when applied to extensive problems, such as surface cracked
pipes.
The line-spring ﬁnite element, initially proposed by Rice and Levy (1972) and later extended by Lee and
Parks (1995), provides a simple approach to model surface cracks. Incorporating this line-spring technol-
ogy, a new software, LINKpipe (LINKpipe, 2003), that is tailormade for pipeline applications, has been
developed using a co-rotated kinematic description of the ANDES shell and line-spring ﬁnite elements
(Skallerud and Haugen, 1999; Skallerud, 1999). Numerical aspects and implementation of LINKpipe are
described by Skallerud et al. (2005). Recently, Jayadevan et al. (2005) and Skallerud et al. (in press) have
veriﬁed the accuracy of the line-spring method and its usefulness as an eﬃcient computational tool for sur-
face cracked pipes. An attractive feature of the line-spring element is that it easily facilitates the simulation
of crack growth.
A ductile crack growth model using the line-spring ﬁnite element was proposed by Lee and Parks
(1998a,b) for fully plastic, quasi-static through-thickness crack growth in surface cracked shell structures.
They employed the plane-strain sliding-oﬀ and cracking model of McClintock et al. (1995) to obtain the
instantaneous crack-tip opening angle in terms of the material parameters and the instantaneous slip-line
angle and stress triaxiality at the crack-tip. However, this approach is not straightforward and it requires
the determination of some model parameters from experiments. A more simplistic approach to propagate
the crack in the line-spring model is to use the traditional material crack growth resistance curve. This is in
accordance with the established use (BS7910:1999) of the resistance curve to account for ductile tearing.
This also means that the constraint correction of the resistance curve (Nyhus et al., 2002) can be easily in-
cluded in the simulations since the T-stress is readily available from the line-spring element.
The objective of this study is to demonstrate that line-spring ﬁnite element model is a simple and accu-
rate procedure to investigate the ductile tearing in surface cracked pipes. The quasi-static stable crack
growth is simulated using material tearing data. Since experimental ductile tearing data on surface cracked
pipes is limited, the line-spring model is veriﬁed using continuum simulations of ductile crack growth.
Using the line-spring model, a detailed parametric study on ductile tearing in surface cracked pipes along
the through-thickness direction is performed. Then a range of crack depth and crack length values and
diameter-to-thickness ratios of the pipe are considered under diﬀerent loading conditions. The results
show that the ductile tearing strongly inﬂuences the crack-driving force relations in surface cracked pipes.
The study demonstrates the usefulness of parametric investigations in comparison to the underlying
principles.
1.1. Line-spring theory
With the line-spring model, a surface cracked pipe is represented by a shell structure with a through slit.
The stiﬀness from the ligament of the part-through crack is accounted for by introducing line-springs in the
through slit, as schematically illustrated in Fig. 1. The local compliance of a spring connecting one point of
the slit to the corresponding point on the other side is calculated based on known solutions of single edge
notch (SEN) specimens under plane strain conditions. Thus, knowing the local compliance of a spring,
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Fig. 1. (a) Shell model with line-springs representing a surface cracked pipe (see, Fig. 3). (b) The compliances at any point along the
line-spring are obtained from a corresponding SEN bar in plane strain.
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K, the crack-driving force, J, and the crack tip opening displacement (CTOD).
1.1.1. Linear elastic line-spring element
When a cracked structure is analysed using the line-spring/shell model, the generalised shell stress resul-
tants transmitted by the series of springs are a membrane force, N, and a bending moment, M, per unit
length of the foundation. The work-conjugate deformation measures to these generalised resultants are
the relative normal displacements, dL, and the relative rotation, hL. Denoting the membrane force, N, as
Q1 and the bending moment, M, as Q2 and their work conjugate deformation measures as q1 and q2,
the generalised forces and displacements are related in the elastic region by a compliance matrix, Cij, as
follows:qi ¼ CijQj ði; j ¼ 1; 2Þ; ð1Þwhere Cij, is determined from the stress intensity calibrations of SEN specimens using the energy/compli-
ance relationship proposed by Rice (1972).
Using the generalised forces, the Mode-I stress intensity factor is given byKI ¼ kiða; tÞQi; ð2Þ
where ki(a, t) are functions that can be obtained, e.g., from the fracture handbook by Tada et al. (1985). The
J-integral is then related to the stress intensity factor, in the case of plane strain, by the equation,J ¼ ð1 m2ÞK
2
I
E
; ð3Þwhere E is Youngs modulus and m is Poissons ratio of the material in consideration.
Similarly, T-stress at any point along the crack-front can be expressed as (Wang and Parks, 1992)T ¼ giða; tÞQi; ð4Þ
where functions gi are calibration factors for T in an SEN specimen (Sham, 1991) with the same crack depth
a(s) and width t, under unit membrane and bending loads.
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The fully plastic response of the line-spring model is based on a convex yield function, U{Qi;a, t;ry(e
p)},
where ry(e
p) is the current uniaxial yield stress at an equivalent plastic strain of ep (Rice, 1972; Parks and
White, 1982; Lee and Parks, 1995; Chiesa et al., 2002).
The Mode-I, elastic–plastic crack growth behaviour of the line-spring model assumes an incremental for-
mulation based on a simple associated ﬂow rule. The yield surface expands due to material hardening
whereas it contracts during crack growth. In the present line-spring model, the crack growth is fully plastic,
and the crack is propagated quasi-statically based on the material tearing data.
The incremental elastic–plastic line-spring formulation assumes an additive decomposition of the total
generalised displacement increments, Dqi, into elastic and plastic parts, i.e., Dqi ¼ Dqei þ Dqpi . The elastic
part of the generalised displacement increment is related to the generalised force increment, DQ, through
the elastic compliance matrix, Cij, as follows:Dqei ¼ CijDQj. ð5Þ
The plastic part of the generalised displacement increment that is assumed to satisfy the normality rule,
is taken to be the product of a positive scalar quantity, K, and the outward normal to the yield surface.
Thus,Dqpi ¼ K
oU
oQi
. ð6ÞThe scalar K is determined from the consistency condition_UðQi; a; t; ryÞ ¼ 0. ð7Þ
The new crack length at the end of a time increment is expressed asaðiþ1Þ ¼ aðiÞ þ DaðiÞ; ð8Þ
where i denotes the time step and Da(i) is the incremental crack growth during the ith step. This incremental
crack advance is predicted from the material crack growth resistance curve.
In order to relate the plastic part of the generalised incremental displacement, Dqpi , and the incremental
ligament-average plastic strain, Depy, which directly follows the stress–strain data of the material, the plastic
work increment per unit length of the ﬂaw, DWp is expressed in two diﬀerent ways. Using the generalised
ﬁeld quantities, DWp may be written as,DW p ¼ QiDqpi ; ð9Þ
and in terms of the uniaxial ﬁeld quantities over the area A of the SEN specimen where plastic dissipation
occurs as,DW p ¼
Z
A
ryðepÞDepy dA. ð10ÞParks (1981) reasoned that the plastic dissipation area A for a deep crack is proportional to the square of
the remaining ligament (t  a), and for shallow cracks this area A is proportional to the square of a char-
acteristic length, which is still related to (t  a). Then, following Parks (1981), the above integral can be
approximated as,DW p ¼ fryðepÞDepyðt  aÞ2; ð11Þ
where the dimensionless scalar f is expected to be of order unity. Now, the assumption of equivalence of
macroscopic (Eq. (9)) and continuum (Eq. (10)) plastic work increments completes a set of incremental con-
stitutive relations for elastic–plastic hardening behaviour of the line-spring model.
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parts, Je and Jp and de and dp. The elastic part of the driving force is calculated using Eq. (3). ASTM E 1290
suggests that the elastic part of CTOD of a hardening material in plane strain small scale yielding condi-
tions can be estimated asde ¼ J
e
mry
; ð12Þwhere m is a scalar. In ASTM E 1290, a value of 2.0 for m is suggested. The plastic part of CTOD is related
to the plastic parts of the load point displacement (dpl ) and rotation (h
p
l ) in incremental form (Lee and
Parks, 1995) asDdp ¼ C1ðQi; ry; a=tÞDdpl þ C2ðQi; ry; a=tÞtDhpl ; ð13Þ
where the dimensionless functions Ci, are discussed by Lee and Parks (1995).
In principle, the evaluation of T-stress (Eq. (4)) can be extended to elastic–plastic deformation, using the
current values of the membrane and bending forces. Recently, Jayadevan et al. (2005) showed that at large
plastic strain levels, such ‘‘elastic–plastic’’ T-stress better quantiﬁes the constraint level than the elastically
computed T-stress.2. Modelling aspects
2.1. An edge cracked plate
A single edge notched tension specimen (SENT) under plane strain assumptions is modelled using shell/
line-spring as well as continuum elements as a benchmark problem for the line-spring crack growth model.
Also, these continuum analyses provide the crack growth curves which are used to propagate the crack in
the line-spring models. A width of 20 mm and a total length of 400 mm are selected for the SENT model.
Diﬀerent crack depth-to-width ratios of 0.1–0.5 are considered.
Two-dimensional, plane strain, 4-node quadrilateral elements are employed for the continuum model.
The smallest element size near the crack tip is 0.1 mm. The eﬀects of ﬁnite strains are accounted in these
analyses. The material is assumed to be composed of a ductile matrix with micro-voids. The complete Gur-
son model (CGM) proposed by Zhang et al. (2000) is employed to simulate the ductile crack growth. In this
model, the critical void volume fraction is not a constant but is predicted by the attainment of Thomasons
plastic limit load criteria (Thomason, 1990). A typical initial void volume fraction of 0.001 is considered
(Chen and Lambert, 2003). Other Gurson parameters are chosen to be the same as those suggested by Chen
and Lambert (2003). The uniaxial plastic behaviour of the matrix material follows the isotropic power law
hardening in the following form:ry
r0
¼ 1þ e
p
e0
 n
; for ry > r0 ð14Þwhere r0 and e0 = r0/E denote the initial yield stress and strain, respectively. Further, n is the hardening
exponent. The behaviour is elastic for ry < r0. The yield strength, hardening exponent, Youngs modulus,
Poissons ratio of the matrix material are taken as 460 MPa, 0.07, 200 GPa, 0.3 (typical of X65 pipeline
steel). The continuum analyses were carried out using the ABAQUS (2003) ﬁnite element program.
CGM was implemented into the ABAQUS ﬁnite element code through the user subroutine UMAT.
The line-spring model comprises a row of 4-node shell elements and a single line-spring element to model
the crack. Plane strain conditions were simulated through appropriate boundary conditions. One end of the
specimen was ﬁxed whereas the other end was speciﬁed with prescribed axial displacements. The material
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growth curves predicted from the Gurson simulations were used as the input to the line-spring model to
propagate the crack.
2.2. A surface cracked pipe
The details of the pipe geometry considered in this work are shown in Fig. 2. An external surface cracked
long straight pipe with outer diameter, D, and wall thickness, t, chosen for the simulations is shown in
Fig. 2(a). For simplicity, the crack is assumed to be of uniform depth, a, along the circumferential crack
length, 2c, with an end-radius equal to the crack depth. Moreover, this crack geometry represents well
the weld defects commonly observed in oﬀshore pipelines. The details of the crack geometry are shown
in Fig. 2(b). Further, the crack is symmetrically positioned on the pipe with respect to all the three axes
as shown in the ﬁgure.
Two diﬀerent loading cases, pure tensile loading and bend loading are considered. The eﬀect of addi-
tional internal pressure along with tensile load is also investigated. Diﬀerent diameter-to-thickness ratios
(D/t = 10–50), crack depth to thickness ratios (a/t = 0.1–0.5), and crack length to perimeter ratios
(c/pR = 0.05–0.3) are chosen. A ﬁxed wall thickness, t, of 20 mm is employed in the simulations. In all
the analyses, the total length, 2L of the pipe segment is chosen to be six times the outer diameter. Earlier
studies (Jayadevan et al., 2004a; Østby et al., 2005) have shown that a length of 6D is suﬃcient to minimise
the end-eﬀects due to loading.
The line-spring model of the surface cracked pipe comprises 31 4-node shell elements along the length
(2L = 6D). Depending on the ﬂaw length, 12–24 line-spring elements are used to model the crack
(0.05 < c/pR < 0.3), and correspondingly 30–42 shell elements along the circumferential direction of the
pipe model. The end-radius of the crack-front was not modelled, instead a uniform crack depth along
the length of the crack was speciﬁed. Our recent studies (Jayadevan et al., 2005) have shown that the
end-radius of the crack front has negligible inﬂuence on the fracture parameters for most other parts of
the crack. For convenience, the whole pipe is modelled irrespective of symmetry in the line-spring/shell
models. A typical mesh used in the analyses is shown in Fig. 3(a). For tensile loading, one end of the pipe
with ﬁxed boundary and at the other end a prescribed displacement was employed. In the case of bend load-
ing, a prescribed rotation was speciﬁed at both the ends. Also, the deformation at the end of the pipe is2L
x z
y
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Fig. 2. (a) Geometry of the pipe with an external circumferential surface ﬂaw and (b) details of the surface crack.
Fig. 3. (a) A typical ﬁnite element mesh used for the line-spring model (c/pR = 0.1, a/t = 0.2, D/t = 20) and (b) the near tip region of
the 3D model employed to simulate ductile crack growth.
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the crack growth curves obtained from the respective 2D continuum analyses of edge cracked specimens
were employed for the surface cracked pipes with corresponding crack depths.
For comparison, the ductile crack growth for a typical case (a/t = 0.2, c/pR = 0.1, D/t = 20) was also
simulated using a 3D model. In this case, numerical diﬃculties were experienced due to excessive mesh dis-
tortion near the crack-tip while using the CGM model. Hence, the Gurson model without any failure cri-
terion was used as implemented in ABAQUS (2003) for static analyses. This model does not account for the
void coalescence and faster void growth after a critical stage. However, it is expected to reasonably capture
the ductile tearing response as predicted by the CGM model. Only a quarter of the pipe was modelled for
the 3D analysis. 4032, 20-node brick elements (C3D20R in ABAQUS) with 19005 nodes were used under
reduced integration. The smallest element size near the crack-tip was ﬁxed at 0.1 mm. The near tip region of
the mesh is shown in Fig. 3(b). The eﬀects of ﬁnite strains were also accounted in this analysis.
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3.1. Validation of line-spring calculations
3.1.1. SENT specimen
The crack growth resistance curves obtained from the 2D continuum simulations of SENT specimens are
shown in Fig. 4. The variation of crack-tip opening displacement (CTOD) with accumulated total crack
growth are presented for diﬀerent initial crack depths. It can be noticed from this ﬁgure that as the initial
crack depth decreases (i.e., less constraint), the CTOD value at any given crack growth increases, raising the
resistance curves for the shallow specimens above the variations for deep cracked specimens. This is more
pronounced for the shallowest crack (see Fig. 4). Also, the ductile crack initiation values are found to in-
crease with the decrease in crack depth. Thus, Fig. 4 shows that the CTOD at initiation for the shallowest
crack (a/t = 0.1) is about 0.45 mm whereas the same for the deepest crack (a/t = 0.5) is only about
0.21 mm. The results demonstrate that the resistance curve is not a material property alone, but depends
also on the geometry, which has also been observed in experimental studies (Nyhus et al., 2002). Further,
the experimental data by Nyhus et al. (2003) also indicate a similar eﬀect of constraint on ductile crack ini-
tiation values as observed in the present simulations. The resistance curves presented in Fig. 4 are used as
the input to the crack growth line-spring model to propagate the crack.
The evolution of CTOD and load versus the nominal strain for a SENT specimen (a0/t = 0.2) are pre-
sented in Fig. 5(a) and (b), respectively. The load is normalised with respect to the limit load for an un-
cracked plate of unit width (PL = tr0). The ductile tearing results obtained from both continuum (legend
as ‘‘2DC-CG’’) and line-spring (legend as ‘‘LS-CG’’) models are displayed in these ﬁgures. Also, the results
obtained from the analyses of the same specimens assuming a stationary crack are included for comparison.
These results from the continuum and line-spring simulations of the stationary crack are marked in Fig. 5
as ‘‘2DC-ST’’ and ‘‘LS-ST’’, respectively.
In general, the results in Fig. 5(a) and (b) show that the local and global responses for both crack growth
and stationary cases from the line-spring model agree reasonably well with those from the continuum anal-
yses. Considering the evolutions of CTOD shown in Fig. 5(a), as the crack starts to grow, the CTOD
increases more rapidly with nominal strain compared to the stationary case. On the global response, ductile
tearing causes the load to drop ﬁrst gradually and later rapidly from the stationary case (see Fig. 5(b)).
Fig. 5(a) and (b) reveal that the crack growth line-spring element slightly overestimates the CTOD0 1 2 3 4
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Fig. 4. The crack growth resistance curves for the SENT specimens corresponding to diﬀerent crack depths as predicted by the Gurson
model.
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Fig. 5. The local and global responses predicted from the continuum (‘‘2DC’’) and line-spring (‘‘LS’’) crack growth (‘‘CG’’) models for
the SENT specimen with a/t = 0.2. The results from the stationary crack (‘‘ST’’) are also included for comparison.
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estimated. Thus, the line-spring model appears to have a slightly higher crack growth rate than that in the
continuum model. The slight deviations between the continuum and line-spring results may be attributed to
the fact that the line-spring yield surfaces during crack growth are interpolated from the tabulated yield
surfaces (Lee and Parks, 1995). The interpolated yield surface may drift slightly from the actual yield sur-
face. Further, it may be noted that the present line-spring element does not account for the ligament neck-
ing observed at large strains. However, it is worth mentioning that the deviations of both CTOD and load
during ductile tearing predicted from the line-spring model are on the conservative side.
3.1.2. A cracked pipe
Next, the ductile crack growth in a surface cracked pipe (a0/t = 0.2, c/pR = 0.1, D/t = 20) under tensile
loading is considered for the validation. The results showing CTOD (at s = 0) and global load versus ap-
plied nominal strain predicted by the line-spring and 3D models are presented in Fig. 6(a) and (b), respec-
tively. The load is normalised with respect to the limit load for the uncracked pipe (PL = p(D  t)tr0). For0 0.01 0.02 0.03 0.04
Strain, mm/mm
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Fig. 6. A comparison of ductile crack growth responses in a surface cracked pipe (a/t = 0.2, c/pR = 0.1, D/t = 20) under tension as
predicted from the crack growth line-spring and 3D damage models. The variations of (a) CTOD and (b) global load with nominal
strain. Results from simulations assuming a stationary crack are also included.
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marked in a similar manner as in Fig. 5. The initiation of crack growth in the line-spring model is marked
as an ‘‘x’’ in Fig. 6(a). Also, for clarity, ﬁnal points on the load response curves from crack growth simu-
lations are denoted by arrows in Fig. 6(b).
Fig. 6(a) indicates that ductile tearing signiﬁcantly inﬂuences the crack-driving force relationships in sur-
face cracked pipes. For a stationary crack, the evolution of CTOD with deformation is more or less linear
(Jayadevan et al., 2004a), except at low deformation levels where plasticity is limited to the ligament. Before
the initiation of crack growth (the cross symbol in Fig. 6(a)), the CTOD curves for the tearing and station-
ary cases are almost identical. After the initiation, Fig. 6(a) shows that, initially, the increase in CTOD due
to crack growth is marginal, and the CTOD curve for tearing follows the stationary case. However, with
further deformation, the increase in CTOD due to ductile tearing becomes rapid, and the curve starts to
deviate signiﬁcantly from the stationary case. At a later stage, the CTOD increases rapidly with deforma-
tion showing the end of a stable crack growth regime.
Unlike the edge cracked specimen, the variations of load with strain as displayed in Fig. 6(b) indicate
that the global response of surface cracked pipes is marginally aﬀected by the through-thickness stable duc-
tile tearing. However, an abrupt drop in load is noticed during the unstable crack growth. This can be ex-
plained by the fact that for surface cracked pipes with moderate crack length (c/pR < 0.3), the crack depth
has only a marginal eﬀect on the global load (Jayadevan et al., 2004b), particularly for a/t < 0.5. Hence,
during crack growth (in the thickness direction), the deviation of load response from that of the uncracked
pipe will be minimal up to moderately large crack depths. However, the increase in crack depth results in
higher CTOD values, which in turn lead to faster crack growth. Finally, this accelerated local deformation
leads to unstable tearing through the ligament to form a through crack. This gives rise to a sudden drop in
the load, which must approximately be equal to the reduction in area due to a through crack. After that the
load response is expected to follow that of a through-cracked pipe. It is worth mentioning that in the
line-spring simulations, several incremental steps are involved during the abrupt load drop due to unstable
tearing, and at a magniﬁed scale it follows a smooth curve. Most of the present crack growth line-spring
simulations (presented subsequently) were stopped when the maximum tearing reached a current crack
depth ratio of 0.7–0.8.
More importantly, the results shown in Fig. 6 demonstrate that the fracture response predicted from the
crack growth line-spring model and 3D damage model are in reasonable agreement. The 3D Gurson anal-
ysis was stopped due to numerical convergence problems when the analysis reached almost the end of stable
damage growth. However, the trend in the 3D result suggests that the unstable tearing is expected some-
what at the same strain levels in both 3D and line-spring models. For the stationary case, an excellent
match between the crack-driving force relationships from line-spring and 3D models can be noted. How-
ever for extensive crack growth, the deviation of the line-spring result from the 3D variation becomes
noticeable (see, Fig. 6(a)). Mainly, this may be attributed to the fact that the present 3D ductile tearing
analysis (using the original Gurson model) does not account for the void coalescence, and so a slower dam-
age growth rate is expected. On the other hand, the resistance curve used in the line-spring simulation was
predicted based on the complete Gurson model. This model accounts for void coalescence by accelerating
void growth after a critical void volume fraction predicted by the Thomasons limit load criteria. In the
numerical implementation, when the void volume fraction reaches an ultimate value, the element is as-
sumed to have failed and the load carrying capacity of the element is gradually reduced to zero. Hence,
a slightly higher crack growth rate for the line-spring model is expected compared to the damage growth
rate in 3D model.
It may further be noted that the present line-spring and shell elements are based on a small-strain/large
rotation formulation whereas ﬁnite strain eﬀects are accounted in the 3D simulations. However, the results
for the stationary case show that up to a strain level of about 3%, the crack-driving force relationships from
line-spring and 3D models are in excellent agreement. Thus, for this case (a/t < 0.2), the consideration of
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eﬀects are not expected to signiﬁcantly inﬂuence the results. Hence, it is concluded that the crack growth
line-spring model is a simple and accurate procedure for the simulation of ductile tearing in surface cracked
pipes. However, it must be noted that for deep cracks, the ligament necking may begin at lower strain levels
(see Section 4). The biaxial loading also enhance the ligament necking (Jayadevan et al., 2004a).
3.2. Parametric study
The eﬀect of crack geometry, pipe geometry and loading conditions on the ductile tearing response of
surface cracked pipes is examined using the crack growth line-spring model. Mainly, the local (CTOD)
and global (load) responses are plotted versus the nominal strain. For comparison, results corresponding
to the stationary crack are included for some cases.
3.2.1. Eﬀect of crack depth
The CTOD versus deformation during ductile tearing in a surface cracked pipe (c/pR = 0.1 and
D/t = 20) under tension are displayed in Fig. 8, respectively. The results corresponding to diﬀerent crack
depths are included in these ﬁgures. For the cases with a/t = 0.2 and 0.3, the results from the analyses
of a stationary crack are plotted as thin lines to provide a direct comparison.
The local responses displayed in Fig. 7(a) show that for any given strain level the CTOD increases with
an increase in crack depth. Hence, the crack growth initiates at lower levels of deformation as initial crack
depth increases. Thus, while the ductile tearing in the shallowest (a0/t = 0.1) crack starts at about 4% strain,
the same ductile tearing at the deepest crack (a0/t = 0.5) begins at strain levels below the yield strain. Fur-
ther, as the initial crack depth increases, the stable crack growth regime becomes shortened and unstable
tearing starts at lower levels of deformation. Thus, the unstable ductile tearing in the deepest cracked pipe
occurs almost just after the initiation, and stable crack growth is only marginal.
When comparing the CTOD responses for the stationary and tearing cases (a/t = 0.2 and 0.3), it can be
seen that ductile tearing signiﬁcantly decreases the deformation capacity of the pipe. It must be noted that
the present line-spring element does not account for ligament necking, and hence the linear CTOD-strain
relationship for stationary cracks extends up to large strain levels. However assuming a stationary crack
detailed 3D ﬁnite element simulations (Jayadevan et al., 2004a) for surface cracked pipes have shown that
for large strain levels, a rapid increase in CTOD with strain occurs after a certain deformation level due to0 0.01 0.02 0.03 0.04
Strain, mm/mm
0
1
2
3
4
CT
O
D,
 m
m
0.1
0.2
0.3
0.5
c/πR = 0.1
D/t = 20
Pipe - Tension
a / t
0.2-ST
0.3-ST
0 0.01 0.02 0.03 0.04
Strain, mm/mm
0
0.3
0.6
0.9
1.2
P 
/ P
L
0.1
0.2
0.3
0.5
c/πR = 0.1
D/t=20
Pipe - Tension
a / t
end 
of 0.2end 
of 0.3
end 
of 0.5
(a) (b)
Fig. 7. The eﬀect of crack depth on ductile tearing in surface cracked pipes (c/pR = 0.1 and D/t = 20) under tension as predicted from
the crack growth line-spring model. Variations of (a) CTOD and (b) global load with nominal strain.
0 0.2 0.4 0.6 0.8 1
s / c
0
1
2
3
4
5
∆a
, 
m
m
a/t = 0.2
c/πR = 0.1
D/t=20
Pipe - Tension
with increasing
deformation
mid-length surface
Fig. 8. Ductile crack growth along the crack-front predicted from the line-spring model for a surface cracked pipe (a/t = 0.2,
c/pR = 0.1 and D/t = 20) under tension, corresponding to diﬀerent deformation levels.
K.R. Jayadevan et al. / International Journal of Solids and Structures 43 (2006) 2378–2397 2389ligament necking and enhanced local deformation. This deformation level at which a rapid increase in
CTOD occurs, decreases with an increase in crack depth. For the stationary case with a/t = 0.2 and 0.3
(see Section 4), the eﬀect of ligament necking becomes signiﬁcant after a strain level of about 3.0% and
1.7%, respectively. Hence, for deep cracks (a/t > 0.2) consideration of ligament necking may further en-
hance the increase in CTOD with deformation during stable crack growth and it may slightly decrease
the deformation capacity from the present line-spring predictions. In general, the results demonstrate that
consideration of ductile tearing is important in the fracture assessment procedures for moderately deep (a/
t > 0.1) surface cracked pipes.
The normalised global load response for the same cases as in Fig. 7(a) is displayed in Fig. 7(b). The load
is normalised with respect to the limit load (PL = p(D  t)tr0) for the uncracked pipe. These results also
illustrate that the ductile tearing signiﬁcantly reduces the deformation capacity of surface cracked pipes.
During stable tearing the load, response is marginally aﬀected by crack depth. However, when unstable
tearing starts, the load drops abruptly. It is expected that the load will continue to drop till the tearing cov-
ers the entire ligament to form a through-crack. Fig. 7(b) shows that for deep cracks, the load capacity of
the pipe also becomes reduced by ductile tearing. Thus, for the deepest crack, the maximum load is about
the load at which global yielding of the pipe starts.
The crack growth along the crack front for the case with a0/t = 0.2 is displayed in Fig. 8. The results are
presented for diﬀerent deformation levels. These results show that the ductile tearing is more or less uniform
over 50–60% of the crack length from the mid-section, particularly at low deformation levels. Near the free
surface, crack growth is less compared to that at the mid-section. At large deformation levels, the variation
of tearing along the crack is more pronounced. The experimental ductile tearing studies (Nyhus et al., 2002)
on sector SENT specimens prepared from an X65 pipe also show a similar variation of crack growth along
the width of the specimen.
3.3. Eﬀect of crack length
The local and global responses showing the eﬀect of crack length on ductile tearing are displayed in
Fig. 9(a) and (b), respectively. These results correspond to a surface cracked pipe with a0/t = 0.2 and
D/t = 20 under tension. For comparison, the results for the stationary cases (c/pR = 0.1 and 0.3) are also
plotted in this ﬁgure as thin lines. The CTOD-strain variations shown in Fig. 9(a) illustrate that before the
initiation of crack growth, only a marginal increase in CTOD is observed with the increase in crack length.
However, after the initiation of ductile tearing a signiﬁcant increase in CTOD at any given strain level may
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signiﬁcantly. Thus, while the unstable ductile tearing for the shortest crack (c/pR = 0.05) starts above 4%
strain, for the longest crack (c/pR = 0.3) this is below 1.5%. Fig. 9(a), further shows that the eﬀect of crack
length on CTOD-strain response is less pronounced for long cracks. Finally, the results demonstrate that
unlike the stationary case, the CTOD-strain relationship for surface cracked pipes depends strongly on the
crack length during ductile tearing.
The reduction in deformation capacity can be clearly noticed from the normalised load responses as dis-
played in Fig. 9(b). The eﬀect of crack length on the load response curve is marginal during stable tearing.
However, when unstable tearing of the ligament begins, the load starts to decrease abruptly. The decrease in
deformation capacity with increase in crack length is more pronounced for short cracks. Thus, as the crack
length ratio c/pR changes from 5% to 10%, the deformation capacity decreases by about 40%. On the other
hand, the corresponding change in deformation capacity for the increase in c/pR from 20% to 30% is only
marginal (<5%).
3.4. Eﬀect of diameter-to-thickness ratio
In Fig. 10(a) and (b), the CTOD and load variations during ductile tearing of cracked pipes with diﬀer-
ent diameter-to-thickness ratios are presented. These results correspond to a surface cracked pipe with
a0/t = 0.2 and c/pR = 0.1 under tensile loading. The CTOD results for the stationary cases corresponding
to D/t = 20 and 40 are plotted in Fig. 10(a) as thin lines.
The evolutions of CTOD shown in Fig. 10(a) illustrate that when ductile tearing is accounted for, the D/t
ratio of surface cracked pipes strongly aﬀects the crack-driving force relationships. Before the initiation of
ductile tearing, the eﬀect of D/t on CTOD-strain relationship is marginal which agrees with the observa-
tions reported by Jayadevan et al. (2004a). However, after the crack growth is initiated, the CTOD at
any given strain level increases with increase in D/t. Also, the unstable crack growth in higher diameter
pipes occurs at lower strain levels compared to those for lower D/t cases. Thus, while the unstable tearing
for the lowest diameter pipe (D/t = 20) starts at about 3% strain level, the same for the highest diameter
pipe (D/t = 50) is 1.6%. On comparing the stationary and tearing results, it can be seen that the consider-
ation of ductile tearing becomes more important for thin pipes.
The reduction in deformation capacity due to unstable tearing can be clearly noticed from the global
load responses shown in Fig. 10(b). During stable ductile tearing, the normalised global load is only mar-
ginally aﬀected by the diameter-to-thickness ratio.
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Fig. 11 shows the results obtained from the tensile loading of a surface cracked pipe (a/t = 0.2,
c/pR = 0.1 and D/t = 20) with additional internal pressure. The results corresponding to diﬀerent magni-
tudes of internal pressure are included. The magnitude of pressure is marked as the ratio of hoop stress
caused by the internal pressure to the initial yield stress (rh/r0). It may be recalled that the pressure load
was applied ﬁrst, and then the end displacements were applied gradually, since this loading sequence
corresponds to realistic situations.
The CTOD responses displayed in Fig. 11(a) show that as the magnitude of hoop stress rises, the CTOD
at any given strain level increases signiﬁcantly. For stationary cracks, Jayadevan et al. (2004a) have veriﬁed
from the 3D ﬁnite element analyses of surface cracked pipes that the ligament localisation is strongly
enhanced by biaxial loading. Also, for the same deformation level, the biaxial loading increases the load
carrying capacity of the ligament, which is also reﬂected in the global load response as shown in0 0.01 0.02 0.03 0.04
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and hence, higher CTOD values under biaxial loading.
More importantly, Fig. 11(a) demonstrates that as the magnitude of internal pressure increases, the
unstable tearing begins at lower deformation levels. In other words, the deformation capacity of the
cracked pipe is signiﬁcantly reduced under biaxial loading. This can clearly be seen from the global load
responses (Fig. 11(b)). Thus, while the deformation capacity for pure tensile loading case is about 2.9%,
the same for the case of rh/r0 = 0.75 is below 0.8%. Further, Fig. 11(a) and (b) illustrate that the eﬀect
of internal pressure on ductile tearing response is less pronounced at larger magnitudes of hoop stress.
3.6. Bend loading
In practice, the pipelines may also be subjected to bend loading with or without internal pressure. In
order to examine the ductile tearing response under bending, some typical results are plotted in Fig. 12.
The evolution of CTOD and normalised moment with nominal strain for two crack depths (a0/t = 0.2
and 0.3) under pure bending of the pipe are displayed in Fig. 12(a) and (b), respectively. The nominal strain
is computed from the average curvature over the whole length of the pipe (e = D//2L, / being the pre-
scribed rotation at the end of the pipe). The moment is normalised with respect to the limit moment for
an uncracked pipe (ML = 4R
2tr0, R being the mean radius of the pipe). The CTOD results from tensile
loading is included in Fig. 12(a) for direct comparison.
The CTOD responses for pure bending shown in Fig. 12(a) illustrate that the crack-driving force vari-
ations during stable tearing are somewhat similar in bending and tension, as in the stationary case (Østby
et al., 2005; Jayadevan et al., 2004b). However, for large crack growth, the CTOD values under tensile load-
ing are higher than the corresponding results from bending. Also, for both crack depths, the values of
deformation capacity predicted under tensile loading are slightly lower than those for bending.
The global moment responses displayed in Fig. 12(b) also show similar observations as in tensile loading
(see Fig. 8(b)). Thus, the moment response is marginally aﬀected during stable tearing, and later, when
unstable tearing starts, the moment drops abruptly.0 0.01 0.02 0.03 0.04
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Recently, a strain-based procedure for the fracture assessment of pipelines was proposed by Østby et al.
(2005) and Jayadevan et al. (2004b). Based on detailed 3D ﬁnite element analyses of surface cracked pipes, a
linear relationship for the variation of crack-driving force with deformation (CTOD-strain) was approxi-
mated asFig. 13
predict
and 0.CTOD ¼ Cde. ð15Þ
Here, e is the applied global strain and Cd is a constant. Cd is a function of crack and pipe geometry, inter-
nal pressure and material properties. Jayadevan et al. (2004a) noticed from their numerical results for sta-
tionary cracks that the function Cd strongly depends on crack depth, magnitude of hoop stress and material
properties. However, the inﬂuence of crack length and diameter-to-thickness ratio on Cd was found to be
less pronounced, particularly for cracks, a/t < 0.3.
On the other hand, the present tearing results demonstrate that once the tearing is initiated, the CTOD-
strain relationship deviates from the linear approximation. Also, unlike the stationary case, both crack
length and diameter-to-thickness ratio strongly inﬂuence the evolution of CTOD during tearing. For shal-
low cracks (a0/t < 0.1), consideration of ductile tearing is not important since in this case the crack growth
is unlikely to initiate even at a high strain level of 4%. In contrast, for cracks of a0/t > 0.1, ductile tearing
starts at lower strain levels, and it signiﬁcantly reduces the deformation capacity from those predicted for
stationary cracks. For example, under realistic loading situations of a surface cracked pipe with a crack
depth of 4 mm (a0/t = 0.2, see Fig. 11(a)) the deformation capacity is limited to less than 0.5% strain.
For highly ductile materials, initiation of crack growth may not be the limit for criticality. In practice, a
signiﬁcant amount of stable ductile crack growth can be tolerated prior to the failure. This consideration of
ductile tearing can extend the allowable capacity of a cracked pipe as illustrated in Fig. 13. The CTOD-
strain variation as predicted by crack growth line-spring element for a surface cracked pipe (a/t = 0.2,
c/pR = 0.1 and D/t = 20) under tensile loading is replotted in Fig. 13. Also this ﬁgure plots the similar vari-
ations for a stationary crack of a/t = 0.2 and 0.3 predicted by line-spring and 3D simulations.
In fracture assessment procedures for ductile materials, a certain amount of ductile tearing is usually
allowed depending on the crack growth resistance curve and nature of application. If we assume that
2 mm ductile crack growth is allowed, it follows from the corresponding resistance curve (see the curve for0 0.01 0.02 0.03 0.04
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is themaximumundetected defect size during an inspection programme.Now, Fig. 13 shows that correspond-
ing to this critical CTOD value of 1.6 mm, the strain level predicted by accounting for ductile tearing (the
curve ‘‘0.2-LS-CG’’) is about 2.7%. On the other hand, the stationary line-spring model for a0/t = 0.3 (the
curve ‘‘0.3-LS-ST’’, 2 mm crack growth from a0/t = 0.2 leads to a0/t = 0.3) gives a deformation capacity
of about 1.7%, whereas for a0/t = 0.2 (the curve ‘‘0.2-LS-ST’’) this capacity is above 4%. Thus, the consider-
ation of ductile tearing in surface cracked pipes can signiﬁcantly extend the deformation capacity (about 1%
in this case) from the stationary result. At the same time, accounting for ductile tearing reduces the maximum
strain level by about half from that of the stationary case with the same initial crack depth. This demonstrates
the importance of considering ductile tearing in the fracture assessment procedures for oﬀshore pipelines.
It was mentioned that the present line-spring and shell elements are based on small-strain formulation,
and hence, necking of the ligament under large deformation is not captured in these simulations. In order to
illustrate the eﬀect of ﬁnite strain, the CTOD-strain variations obtained from 3D ﬁnite element simulations
of surface cracked pipes assuming a stationary crack are displayed along with the line-spring results in
Fig. 13. The 3D results displayed with symbols account for ﬁnite strain eﬀects. It may be noticed from these
results that for a0/t = 0.2, the line-spring results agree well with the 3D results up to a strain level of 2%.
Later, the CTOD values from 3D simulation are higher than those from line-spring model. For a0/t = 0.3,
the deviation between the line-spring and 3D results starts at about 0.8% strain. Hence, the eﬀect of large
strain is important for moderately deep cracks (a0/t > 0.2). The results for a0/t = 0.2 demonstrate that there
is marginal error in the present ductile crack growth results by not accounting for ligament necking.
It is well known that the crack growth resistance curve is not a material property but depends on the
geometry or the stress triaxiality ahead of the crack tip (Nyhus et al., 2002). Recent experimental crack
growth data for X65 steel reported by Storslett (2004) is replotted in Fig. 14(a). The crack growth resistance
curves for single edge notched bend (SENB, a/t = 0.2 and 0.5) and tension (SENT, a/t = 0.2) specimens are
displayed in this ﬁgure. These results clearly show the constraint eﬀects on material-crack resistance curves.
Thus, the resistance curve for deeply cracked SENB specimen which has the highest constraint falls below
the other curves. On the other hand, the curve for the SENT specimen, which has the lowest constraint falls
on the top. The present crack growth results (Fig. 4) for the SENT specimen as predicted using Gurson
model also indicate that resistance curve changes with the constraint.
Nyhus et al. (2002) have shown that the resistance curves can be normalised based on elastic T-stress.
They proposed that the resistance curves derived from diﬀerent test specimens can be corrected for
constraint based on a reference crack growth curve as,0 0.5 1 1.5 2 2.5 3
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Fig. 14. (a) The experimental crack growth resistance curves and (b) constraint corrected resistance curves for X65 steel (Storslett,
2004).
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Here, CTODcorr is the constraint corrected resistance curve and CTODref is the reference resistance curve.
The term g(T) is a geometry dependent function which may also depend on the material and temperature.
Nyhus et al. (2002) employed the following function for g(T), proposed initially by Ainsworth and ODowd
(1994) for the constraint correction of resistance curve when applied to failure assessment diagrams:gðT Þ ¼ 1þ a  T ðDaÞ
r0
 m 2
for T < 0; ð17Þ
gðT Þ ¼ 1 for T P 0. ð18ÞHere, a and m are constants which depend on the material. These constants can be determined from exper-
imental resistance curves.
Storslett (2004) computed the value of a and m using the results shown in Fig. 14(a). He employed the
data from deeply cracked SENB specimen as the reference resistance curve, and solved the unknown values
of a and m using the other two crack growth curves (see Fig. 14(a)). In fact, Storslett (2004) has shown that
in normalising the resistance curves, it is enough to calculate the function g(T) at a particular value of crack
growth. He computed the g(T) function employing the CTOD values corresponding to a crack extension,
Da = 1 mm. The normalised resistance curves obtained using this function is displayed in Fig. 14(b). It can
be clearly seen from this ﬁgure that the resistance curves can be well normalised by T-stress. As demon-
strated by Jayadevan et al. (2005), this also indicates that the use of T-stress to quantify the constraint
can be extended to large plastic strains.
The results shown in Fig. 14 demonstrate that the resistance curves can be constraint corrected, once the
g(T) function is available for that material. Generally, the T-stress needs to be computed as a function of
crack growth. Usually, T-stress compendia (Sham, 1991; Sherry et al., 1995) are used for this purpose.
However, the accuracy of such elastic T-stress under large plastic strains is questionable. For structural
applications, T-stress has to be computed from separate analyses.
On the other hand, T-stress is readily available from the line-spring model. Recently, Jayadevan et al.
(2005) have shown that an ‘‘elastic–plastic’’ T-stress can be computed from the line-spring element. In this
case, the current values of membrane force and bending moment are used to compute the T-stress employing
Eq. (4). Here, it is assumed that Eq. (4) is valid under plastic deformation. Jayadevan et al. (2005) have dem-
onstrated that such ‘‘elastic–plastic’’ T-stress successfully quantiﬁes the constraint level under large plastic
deformation. This indicates the possibility of making constraint correction of the resistance curves while
performing the actual analysis. This constraint correction has been implemented in the present line-spring
program. A reference material resistance curve will be the input to the program. During each incremental
crack growth step, the CTOD values from this reference curve will be modiﬁed according to the T-stress
computed at that step from the line-spring element. Hence, the line-spring method provides a simple and
accurate procedure for accounting for constraint eﬀects while simulating ductile tearing in surface cracked
pipes.5. Concluding remarks
A crack growth line-spring model for simulating ductile tearing in surface cracked pipes is examined in
this paper. Two- and three-dimensional analyses are carried out in order to verify the line-spring results.
Using this line-spring model, a detailed parametric study is performed to investigate the eﬀect of ductile
tearing on crack-driving force relationships for surface cracked pipes. The main conclusions of this study
are as follows:
2396 K.R. Jayadevan et al. / International Journal of Solids and Structures 43 (2006) 2378–2397• The ductile crack growth results from line-spring and detailed continuum simulations are in good
agreement.
• Ductile tearing strongly inﬂuences the CTOD-strain relationships in surface cracked pipes. A signiﬁcant
reduction in deformation capacity from the stationary case is noticed when ductile tearing is considered.
As initial crack depth increases, the eﬀect of ductile tearing becomes more important.
• Unlike the stationary case, the crack length ratio strongly aﬀects the CTOD-strain relationships during
ductile tearing. With an increase in the crack length ratio, the deformation capacity decreases
signiﬁcantly.
• The eﬀect of the diameter-to-thickness ratio of the pipe on CTOD-strain relationships during ductile
tearing is very similar to that of the crack length.
• Under biaxial loading, a more pronounced eﬀect of ductile tearing on the crack-driving force relation-
ships is noted. With an increase in magnitude of internal pressure, the deformation capacity is reduced
signiﬁcantly. For a 4 mm cracked pipe with a0/t = 0.2, a hoop stress loading of 50% of the yield stress
reduces the strain capacity by about 83%.
• The global load response is marginally aﬀected during stable ductile tearing. During unstable tearing the
load drops abruptly.
• The ductile tearing response of surface cracked pipes under bending is very similar to that under tensile
loading. Tensile loading gives slightly conservative estimates for the bending.
• This work demonstrates that the present crack growth line-spring model is a simple and accurate pro-
cedure for simulating ductile crack growth in surface cracked pipes.
It may also be mentioned that this study is focused on the through-thickness ductile crack growth of the
circumferential surface crack. There can be situations in which a surface crack may also grow along the
length before or during the through-thickness tearing. In these cases, other crack growth models (for exam-
ple, cohesive zone model) may be combined with the line-spring method to simulate the ductile crack
growth along both the thickness and length directions. Finally, it must be noted that the tearing curve
has only physical meaning for small but ﬁnite extensions, and hence its use for large crack growth may
not be theoretically appropriate.Acknowledgements
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